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Abstract

Most known constructions of probabilistically checkable proofs (PCPs) either blow up the proof-
size by a large polynomial, or have a high (though constant) query complexity. In this thesis we
give a transformation with slightly-super-cubic blowup in proof-size and a low query complexity.
Specifically, the verifier probes the proof in 16 bits and rejects every proof of a false assertion with
probability arbitrarily close to 1, while accepting corrects proofs of theorems with probability one.
The proof is obtained by revisiting known constructions and improving numerous components
therein. In the process we abstract a number of new modules that may be of use in other PCP
constructions.
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CHAPTER 1

Introduction

The notion of proof verification is fundamental in Complexity Theory. One of the basic complexity
classes NP is defined in terms of proof verification. NP is precisely the class of languages for which
there exists a short (polynomially long) proof of membership that can be verified by a polynomial
time deterministic algorithm (called a verifier). While studying proof verification, one comes across

several questions.
e How efficiently can the proof be verified?
e Do all the bits of the proof have to be read to verify it?

e Should the verifier be deterministic?

Attempts to answer these questions lead to the notion of Probabilistically Checkable Proofs (PCP).
It is known today that proofs can be written in such a fashion that the verifier can merely check the
proof at a few selected places and be assured of its validity in the case of correct proofs and find
flaws in case of false proofs. If the verifier were deterministic, it is clear that it must read all the bits
of the proof to convince itself of the validity of the proof. However, this need not be the case if the
verifier adopts a randomized strategy, i.e., the verifier could possibly throw a few random coins,
decide to read the proof at a few selected places and still find flaws in a false proof with fairly high
probability.

1.1 Probabilistically Checkable Proofs

Informally, a PCP system for a language L consists of a verifier which is a probabilistic Turing

Machine that has to check the membership of an input string x in the language L. The verifier has



oracle access to a (binary) proof 7 which supposedly contains the proof of the statement “z € L”.
The verifier checks membership by tossing a certain number of random coins, decides to check the
proof at a few bit positions and accepts or rejects the proof = based on a boolean verdict depending
on the input string x, the random coins tossed and the bits read by it.

More formally the verifier in a PCP system is defined as follows:

Definition 1.1.1 For functions r,q : Z* — Z*, a probabilistic oracle machine (or verifier) V is called a
(r, q)-restricted verifier if on input x of length n, the verifier V tosses at most r(n) random coins to obtain
the random string R and queries an oracle w for at most q(n) bits. It then computes a Boolean verdict based
on x, R and the bits read from the proof m and accepts or rejects the proof according to the Boolean verdict.

We denote this decision by V™ (z; R).

The parameters r(n), ¢(n) quantify the complexity of the verification procedure and we hence
expect them to be small (compared to n) so that the verification is efficient. We then have to charac-
terize the performance of the verifier by two other parameters (a) Completeness: This is the probabil-
ity with which the verifier accepts correct proofs, when « € L. (b) Soundness: This is the maximum
probability with which the verifier accepts purported proofs when = ¢ L. The choice of these pa-
rameters decides the class of languages accepted by restricted verifiers behaving according to those

parameters. Or more formally,

Definition 1.1.2 A language L is said to be in the class PCP,. s[r, q| if there exists an (r, q)-restricted verifier

that satisfies the following properties on input x.

Completeness If x € L then there exists m such that V on oracle access to m accepts with probability at

least c (i.e., 3m such that Prg[V™ (z; R) = accept]| > ¢.)

Soundness If x ¢ L then for every oracle m, the verifier V accepts with probability strictly less than s (i.e.,
V7, Prr[V™(x; R) = accept] < s.)

In the case when ¢ = 1 and s = 1/2, we omit the subscripts ¢, s and refer to the corresponding

class as just PCP[r, g].

1.2 PCPs - A Brief History

In this section, we shall give a brief history of the results in the area of PCPs.!
Interactive Proof systems (IP) were introduced independently by Goldwasser, Micali and Rack-
off [17] and Babai [4]. Ben-Or, Goldwasser, Kilian and Wigderson [10] then extended the notion

of interactive proof system to multiple provers and defined the concept of multiprover interactive

IThe study of PCPs is very involved and we stress that there are far too many beautiful results for us to do do justice by

citing all of them.
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proofs (MIP)?. Fortnow, Rompel and Sipser [15] then showed that MIP so defined is exactly equal to
PCP[poly, poly] (using the terminology of PCPs). In fact the model underlying today’s PCP systems

is the “oracle model” introduced by Fortnow, Rompel and Sipser [15].

The central result early in this area is that of Babai, Fortnow and Lund [6]. They showed that
MIP = NEXP (i.e., the class of languages recognizable in non-deterministic exponential time) This
result combined with that of Fortnow, Rompel and Sipser [15] shows that NEXP C PCP[poly, poly].
This important connection between NEXP and PCPs was scaled down to the NP-level by two
separate groups. Babai, Fortnow, Levin and Szegedy [5] showed that there exist PCPs (called
holographic proofs in their result) for NP in which it is possible to verify the correctness of the
proof in poly-logarithmic time. The seminal result indicating the intricate relationship between
PCP systems and hardness of approximations was made by Feige, Goldwasser, Lovész, Safra
and Szegedy [12]. The definition of PCPs is implicit in their result and they show that NP C
PCP[O(log nloglogn), O(log nloglogn)]. They also make the remarkable observation that NP C
PCP; 4[r, q] implies that approximating the maximum clique in a 2"(")*4(")_vertices graph to within

a factor of 1/s factor is infeasible® unless NP CDTIME(2°("+9)),

This hardness connection of PCPs spurred a lot of research into strengthening the parameters of
PCPs to prove stronger hardness assumptions. Arora and Safra [2] set the stage for results in this
direction. They proved that NP = PCP[O(logn), O(y/log n)]. They also made explicit the definition
of PCPs, the hierarchy of classes PCP. [r, q] and their dependence on the parameters r(n), g(n).
Their proof introduced the notion of recursive proof checking (also called proof composition) Proof
Composition has played a vital role in all subsequent constructions of PCPs. They also provide the
first strong NP-hardness result for MaxClique (a factor of 2\/@). Arora, Lund, Motwani, Sudan
and Szegedy [1] then showed how to reduce the query complexity to constant while preserving
the logarithmic randomness, i.e., they showed that NP = PCP[O(logn), O(1)]. This result implies
that Max3Sat is NP-hard to approximate within some constant factor and so is any MaxSNP hard

problem. It also implied the NP-hardness of approximating MaxClique within n¢, for some ¢ > 0.

Constant prover proof systems have been very useful both in the construction of PCPs as well as
in the derivation of inapproximability results. There are used in the penultimate step of recursive
proof composition. Informally, a constant prover proof system of one round consists of a verifier
which makes a few random coin tosses, queries a constant number of provers, each of which re-
spond with answers of a certain size (not necessarily a bit long). The verifier then accepts or rejects
based on the responses of the provers. Two-prover proof systems with poly-logarithmic random-
ness and answer size were introduced by Lapidot and Shamir [20] and Feige and Lovasz [14].

Arora, Lund, Motwani, Sudan and Szegedy [1] reduced the randomness to logarithmic at the ex-

2We shall formally define MIPs in Chapter 2
3infeasible here means not doable in polynomial time.
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pense of number of provers (still a constant). Bellare, Goldwasser, Lund and Russell [8] attain
the same randomness but reduce answer size to sublogarithmic with just 4 provers. Feige and
Kilian [13] then constructed 2-prover proof systems with logarithmic randomness and constant an-
swer size. A breakthrough result in this area is Raz’ parallel repetition theorem which shows the
existence of 2-prover proof systems with logarithmic randomness and constant answer size [24].

It is to be noted that in the above results, proof-size is not a parameter that has been optimized.
Proof-sizes were considered in Babai, Fortnow, Levin and Szegedy [5] and Polishchuk and Spiel-
man [23]. With respect to proof-size, Polishchuk and Spielman [23, 28] attain the optimal result;
they show how a PCP can be constructed with just a blowup of n!* in the proof-size for any € > 0.
Long Code as an important error-correcting code to be used in the ultimate step of proof composi-
tion was first introduced in Bellare, Goldreich and Sudan [7]. With respect to query complexity, a
sequence of results [6, 5, 12, 2, 1, §, 13, 9, 24, 7, 18] finally culminated in Hastad’s beautiful result
[19] that every language in NP has a PCP with query complexity 3 and soundness arbitrarily close
to 1/2. This query complexity is tight with respect to soundness 1/2. Hastad in his results also
describes a “Fourier Analysis” technique which can potentially be used to give the tight analysis of

any verifier.

1.3 Our Main Results

Constructions of efficient probabilistically checkable proofs (PCP) have been the subject of active
research in the last ten years. As mentioned in the earlier section, Arora, Lund, Motwani, Sudan
and Szegedy [1] showed that it is possible to transform any proof into a probabilistically checkable
one of polynomial size, such that it is verifiable with a constant number of queries. Valid proofs
are accepted with probability one, while any purported proof of an invalid assertion is rejected
with probability 1/2. Neither the proof-size, nor the query complexity is explicitly described there;
however the latter is estimated to be around 106.

Subsequently much success has been achieved in improving the parameters of PCPs, construct-
ing highly efficient proof systems either in terms of their size or their query complexity. The best
result in terms of the former is a result of Polishchuk and Spielman [23]. They show how any
proof can be transformed into a probabilistically checkable proof with only a mild blowup in the
proof-size, of nlte for arbitrarily small € > 0 and that is checkable with only a constant number
of queries. This number of queries however is of the order of O(1/€?), with the constant hidden
by the big-Oh being some multiple of the query complexity of [1]. On the other hand, Hastad [19]
has constructed PCPs for arbitrary NP statements where the query complexity is a mere three bits
(for completeness almost 1 and soundness 1/2). However the blowup in the proof-size of Hastad’s

PCPs has an exponent proportional to the query complexity of the PCP of [1]. Thus neither of these
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“nearly-optimal” results provides simultaneous optimality of the two parameters. It is reasonable
to wonder if this inefficiency in the combination of the two parameters is inherent; and this thesis
is motivated by this question.

We examine the size and query complexity of PCPs jointly and obtain a construction with rea-
sonable performance in both parameters. The only previous work that mentions the joint size vs.
query complexity of PCPs is a work of Friedl and Sudan [16], who indicate that NP has PCPs with
nearly quadratic size complexity and in which the verifier queries the proof for 165 bits. The main
technical ingredient in their proof was an improved analysis of the “low-degree test”. Subsequent
to this work, the analysis of low-degree tests has been substantially improved. Raz and Safra [25]
and Arora and Sudan [3] have given highly efficient analysis of different low-degree tests. Further-
more, techniques available for “proof composition” have improved, as also have the construction
for terminal “inner verifiers”. In particular, the work of Hastad [19], has significantly strengthened
the ability to analyze inner verifiers used at the final composition step of PCP constructions.

In view of these improvements, it is natural to expect the performance of PCP constructions to
improve. Our work confirms this expectation. However, our work exposes an enormous number
of complications in the natural path of improvement. We resolve most of these, with little loss in
performance and thereby obtain the following result: Satisfiability has a PCP verifier that makes at
most 16 oracle queries to a proof of size at most n3+°(1), where n is the size of the instance of satisfi-
ability. Satisfiable instances have proofs that are accepted with probability one, while unsatisfiable
instances are accepted with probability arbitrarily close to 1/2. (See Theorem 2.3.1.)

We also raise several technical questions whose positive resolution may lead to a PCP of nearly
quadratic size and query complexity of 6. Surprisingly, no non-trivial limitations are known on the
joint size + query complexity of PCPs. In particular, it is open as to whether nearly linear sized
PCPs with query complexity of 3 exist for NP statements.

While our principal interest is in the size of a PCP and not in the randomness, it is well-known
that the size of a probabilistically checkable proof (or more precisely, the number of distinct queries
to the oracle 7) is at most 2"(")*+4("). Thus the size is implicitly governed by the randomness and

query complexity of a PCP. The main result of this thesis is the following.
Theorem 1.3.1 For every e, i > 0,
SAT € PCPy 1, [(3 +¢)logn, 16].

Remark: Actually the constants € and ¢ above can be replaced by some o(1) functions; but we don’t
derive them explicitly.

It follows from the parameters that the associated proof is of size at most O(n3*¢).

Cook [11] showed that any language in NTIME(¢(n)) could be reduced to SAT in O(¢(n) logt(n))

time such that instances of size n are mapped to boolean formulae of size at most O(¢(n) logt(n)).
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Combining this with Theorem 2.3.1, we have that every language in NP has a PCP with at most a
slightly super-cubic blowup in proof-size and a query complexity as low as 16 bits.

In the process of proving the above theorem, we present a algebraic problem called the polyno-
mial constraint satisfaction and exhibit the NP-hardness of this problem (see Lemma 3.2.2). We show
that for every e > 0, it is NP-hard to distinguish between instances of this problem in which all the
constraints are satisfiable and those in which at most e-fraction of the constraints are satisfiable. We
show that SAT is reducible to this problem with a minimal blowup in the proof-size. This problem
and the accompanying result are neat algebraic formulations and are easily amenable to future PCP
constructions.

Hastad’s PCPs ([19]) have a terminal inner-verifier which convert 2-prover canonical MIPs to
PCPs with 3 queries. We build a similar inner verifier for p prover non-canonical MIPs. This is the
first time that such a verifier has been constructed for MIPs with more than 2 provers. Our analysis
shows surprising complications and forces us to use a large number (seven) of extra bits to effect

the final truncation in the PCP construction.

1.4 Organization of the Thesis

We present the Main Theorem (Theorem 2.3.1) and its proof in Chapter 2. We divide the task of
proving the theorem into 3 lemmas, which we prove in the subsequent chapters. We present the
Polynomial Constraint Satisfaction problem and analyze its hardness in Chapter 3. In Chapter 4, we
work the Low-Degree Test of Raz and Safra [25] into a form that is convenient for us to work with.
In Chapter 5, we construct a 3-prover MIP for SAT which is efficient in terms of randomness. In
Chapter 6, we present a constant bit verifier for MIPs, which is used in the final step of the recursion
in the proof of the Main Theorem. Finally, in chapter 7, we make a few concluding remarks and

suggest possible approaches for improvements in the joint size-query complexity of PCPs.
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CHAPTER 2

Main Theorem

In this chapter, we present the main theorem and its proof, modulo the proof of two lemmas which
we shall prove in the subsequent chapters. As mentioned in Chapter 1, the parameters we seek
are such that no existing proof system achieves them. Hence we work our way through the PCP
construction of Arora, Lund, Motwani, Sudan and Szegedy [1] and make every step as efficient
as possible. The key ingredient in their construction (as well as most subsequent constructions)
is the notion of recursive composition of proofs. Informally, recursive proof composition takes an
"outer verifier” that is efficient in its use of randomness, but inefficient in query complexity; com-
bines it with an ”inner verifier” that is inefficient in its use of randomness but efficient in its query
complexity; and obtains a composed verifier that is efficient in both the query and the random-
ness complexity. The paradigm of recursive composition is best described in terms of multi-prover

interactive proof systems (MIPs).

2.1 MIP and Recursive Proof Composition

Definition 2.1.1 For integer p, and functions r,a : Z+ — Z*, an MIP verifier (probabilistic oracle ma-
chine) V' is called a (p, r, a)-restricted if it interacts with p mutually-non-interacting provers m, ... ,mp in
the following restricted manner. On input x of length n, V' picks a random r(n)-bit string R and generates p
queries q1, . .. ,qp and a linear sized circuit C. The verifier then issues query q; to prover m;. The provers re-
spond with answers a1, . .. ,a, each of length at most a(n) and the verifier accepts x iff C(aq, ... ,a,) = 1.

We denote this verdict of the verifier by V™ "»(x; R).

The class of languages accepted by these verifiers is defined as follows:

15



Definition 2.1.2 Language L belongs to MIP,. ,[p, r,a] if there exists a (p,, a)-restricted MIP verifier V

such that on input x:

Completeness If © € L then there exist m,... ,m, such that V accepts with probability at least c (i.e.,
3Imy, ..., mp such that Prg[V™ ™ (z; R) = accept] > ¢).
Soundness If x ¢ L then for every my,... ,mp, V accepts with probability less than s (i.e., Vmi,... ,mp,

PrR[Vﬂ'lnw Tp (x’ R) = accept] < S)~

It is easy to see that MIP. s[p, 7, a] is a subclass of PCP, s[r, pa] and thus it is beneficial to show
that SAT is contained in MIP with nice parameters. However, much stronger benefits are obtained
if the containment has a small number of provers, even if the answer size complexity (a) is not
very small. This is because the verifier’s actions can usually be simulated by a much more efficient
verification procedure, one with much smaller answer size complexity, at the cost of a few more
provers. Results of this nature are termed proof composition lemmas; and the efficient simulators

of the MIP verification procedure are usually called “inner verification procedures”.

2.2 Main Lemmas

The next three lemmas divide the task of proving the Main Theorem into smaller subtasks. The
first gives a starting MIP for satisfiability, with 3 provers, but poly-logarithmic answer size. We
next give the composition lemma that is used in the intermediate stages. The final lemma gives
our terminal composition lemma — the one that reduces answer sizes from some slowly growing

function to a constant.
Lemma 2.2.1 Forevery e, > 0, SAT € MIP; ,[3, (3 + €) logn, poly log n).

Lemma 2.2.1 is proven in Chapter 5. This lemma is critical to bounding the proof-size. This
lemma follows the proof of a similar one (the “parallelization” step) in [1]; however various aspects
are improved. We show how to incorporate advances made by Polishchuk and Spielman [23], and
how to take advantage of the low-degree test of Raz and Safra [25]. Most importantly, we show how
to save a quadratic blowup in this phase that would be incurred by a direct use of the parallelization
step in [1].

The first composition lemma we use is an off-the-shelf product due to Arora and Sudan [3].
Similar lemmas are implicit in the works of Bellare, Goldwasser, Lund and Russell [8] and Raz and

Safra [25].

Lemma 2.2.2 ([3]) There exist absolute constants cy, ca, c3 such that for every € > 0, every p, and every

r,a:Zt =77,

MIP ([p,r,a] € MIP; /o4 [p+ 3,7 + c1 log a, ca(log a)®].
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The next lemma shows how to truncate the recursion. This lemma is proved in Chapter 6 using
a “Fourier-analysis” based proof, as in [19]. This is the first time that this style of analysis has been
applied to MIPs with more than 2 provers. All previous analyses seem to have focused on com-
position with canonical 2-prover proof systems at the outer level. Our analysis reveals surprising

complications and forces us to use a large number (seven) of extra bits to effect the truncation.
Lemma 2.2.3 For every ¢ > 0 and p < oo, there exists a v > 0 such that for every r,a : Z* — Z*,

MIP; ,[p,7,a] C PCPL%_H[T +O0(2P),p+ 7).

2.3 Main Theorem and Proof

Theorem 2.3.1 For every e, ;1 > 0,
SAT € PCPy 1, [(3 +¢)logn, 16].

Proof The proof is straightforward given the three lemmas mentioned in Section 2.2. We first
apply Lemma 2.2.1 to get a 3-prover MIP for SAT, then apply Lemma 2.2.2 twice to get a 6- and then
a 9-prover MIP for SAT. The answer size in the final stage is poly log log log n. Applying Lemma 2.2.3
at this stage we obtain a 16-query PCP for SAT; and the total randomness in all stages remains

(3 +¢)logn. O

It follows from the parameters that the associated proof is of size at most O(n3*¢).
Cook [11] showed that any language in NTIME(¢(n)) could be reduced to SAT such that in-

stances of size n are mapped to boolean formulae of size at most O(t(n) logt(n)).

Lemma 2.3.2 ([11]) Let L € NTIME(¢(n)). Then there is a O(t(n)logt(n)) time and O(logt(n)) space
algorithm that maps inputs x of length n to boolean formulae ¢ of size O(t(n) logt(n)) such that

x € L<= ¢ e SAT

Combining this Lemma with Theorem 2.3.1, we have that every language in NP has a PCP with

at most a slightly super-cubic blowup in proof-size and a query complexity as low as 16 bits.
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CHAPTER 3

Polynomial Constraint Satisfiability

In this chapter, we prepare the necessary ground for building a randomness efficient MIP for SAT.
For this purpose, we reduce SAT to another NP-hard problem, that is amenable for MIP construc-
tions. In our choice of a NP-hard problem, we are guided by considerations, similar to those in

[23, 28]. We would like our NP-hard problem to satisfy the following properties.

71

e Problems like SAT, circuit-satisfiability can be “efficiently”" reduced to this problem.

e It is easy to construct an MIP for this problem.

At this point, it is worth mentioning that problems like SAT, circuit-satisfiability do not directly
satisfy our second requirement. The known algebraic descriptions of these problems usually in-
volve a cubic blowup in the proof-size. The main handicap in these problems that leads to such a
blowup in the proof-size is that to check whether a particular constraint is satisfied, we have to look
in the proof for the values of the variables that participate in the constraint and these values could
appear anywhere in the proof. We design a problem (see Definition 3.2.1), in such a manner that to
check whether a particular constraint is satisfied, we would instantly know where the values of the
variables that participate in the constraint can be found.

Henceforth, we shall use the term “length-preserving reductions”, to refer to reductions in
which the length of the target instance of the reduction is nearly-linear (O(n'*¢) for arbitrarily
small €) in the length of the source instance. We shall use the term “length-efficient reductions”,
to refer to reductions in which the length of the target instance of the reduction is at most an extra

logarithmic factor off the length of the source instance (i.e., O(nlogn)).

1By efficiently, we mean that the reductions are length preserving, a notion we will formalize shortly.
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To prove membership in SAT, we first transform SAT into an algebraic problem. This transfor-
mation comes in two phases. First we transform it to an algebraic problem (that we call AP for lack
of a better name) in which the constraints can be enumerated compactly. Then we transform it to
a promise problem on polynomials, called Polynomial Constraint Satisfaction (PCS), with a large
associated gap. We then show how to provide an MIP verifier for the PCS problem in Chapter 5.

Though most of these results are implicit in the literature, we find that abstracting them cleanly
significantly improves the exposition of PCPs. The first problem, AP, could be proved to be NP-
hard almost immediately, if one did not require length-preserving reductions. We show how the
results of Polishchuk and Spielman [23] imply a length preserving reduction from SAT to this prob-
lem. We then reduce this problem to PCS. This step mimics the sum-check protocol of Lund, Fort-
now, Karloff and Nisan [22]. The technical importance of this intermediate step is the fact that it
does not refer to “low-degree” tests in its analysis. Low-degree tests are primitives used to test if
the function described by a given oracle is close to some (unknown) multivariate polynomial of
low-degree. Low-degree tests have played a central role in the constructions of PCPs. Here we sep-

arate (to a large extent) their role from other algebraic manipulations used to obtain PCPs/MIPs

for SAT .

3.1 A Compactly Described Algebraic NP-hard Problem

Definition 3.1.1 For functions m,h : Z* — Z, the problem AP,, ;, has as its instances (1", H, T, 1, p1,

., pe) where: H is a field of size h(n), ¢ : H” — H is a constant degree polynomial, T is an arbitrary
function from H™ to H and the p;’s are linear maps from H™ to H™, for m = m(n). (T is specified
by a table of values, and p;’s by m x m matrices.) (1", H,T,v,p1,...,ps) € AP, 1 if there exists an
assignment A : H™ — H such that for every x € H™, Y(T(z), A(p1(z)), ... , A(ps(z))) = 0. (In case
such an assignment A exists, we then say that A satisfies (1", H, T, 1, p1, ... , ps))-

The above problem is just a simple variant of standard constraint satisfaction problems, the
only difference being that its variables and constraints are now indexed by elements of H™. The
only algebra in the above problem is in the fact that the functions p;, which dictate which variables
participate in which constraint, are linear functions. The following statement, abstracted from [23],

gives the desired hardness of AP.

Lemma 3.1.2 There exists a constant ¢ such that for any pair of functions m,h : Z+ — Z* satisfying

h(n)m(”)*C > nand h(n)m(") =0 (nHo(l)), SAT reduces to AP, ;, under length preserving reductions.

Lemma 3.1.2 is a reformulation of the result proved in [23, 28] in a manner that is convenient

for us to work with. The proof, we present, is along the lines of [23, 28]. In the following two
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subsections, we (re)present the machinery required to prove the lemma and finally provide a proof

of the lemma in Section 3.1.3.

3.1.1 De Bruijn Graph Coloring Problem

Definition 3.1.3 The de Bruijn graph B, is a directed graph on 2™ vertices in which each vertex is repre-
sented by a n-bit binary string. The vertex represented by (x1, ... ,x,) has edges pointing to the vertices

represented by (z2, ... , &, 1) and (xa, ... , Ty, 1 S 1), where a & b denotes the sum of a and b modulo 2.
We then define a wrapped de Bruijn graph to be the product of a de Bruijn graph and a cycle.

Definition 3.1.4 The wrapped de Bruijn graph B,, is a directed graph on 5n-2" vertices in which each vertex
is represented by a pair consisting of an n-bit binary string and a number modulo 5n. The vertex represented
by ((z1,...,xn),a) has edges pointing to the vertices ((xa,...,Tn,x1),a + 1) and ((x2,... ,Tp, 1 &

1), a + 1), where the addition a + 1 is performed modulo 5n.

Similarly, one can define the extended de Bruijn graph (on (5n + 1) - 2" vertices) to be the product
of the de Bruijn graph (on 2" vertices) and a line graph (on 5n + 1 vertices). For ease of notation,
let us define for any vertex v, 91 (v) and p2(v) to be the two neighbors of v in the wrapped de Bruijn
graph. [23, 28] show how to reduce SAT to the following coloring problem on the wrapped de
Bruijn graph using standard packet routing techniques (see [21]).

Definition 3.1.5 The problem DE-BRUIJN-GRAPH-COLOR has as its instances (B,,,T) where B, is a
wrapped de Bruijn graph on 5n - 2™ vertices and T : V(B,) — Cy is a coloring of the vertices of B,
(T is specified by a table of values). (B,,,T) € DE-BRUIJN-GRAPH-COLOR if there exists another coloring
A V(B,,) — Cy such that for all vertices v € V(B,,),

p(T'(v), A(v), A(e1(v)), A(e2(v))) = 0

where Cy, Cy are two sets of colors independent of n and o : Cy x C3 — Z* is a function independent of n.
[23, 28] prove the following statement regarding the hardness of the above problem.

Proposition 3.1.6 ([23, 28]) SAT reduces to DE-BRUIJN-GRAPH-COLOR under length-efficient reduc-

tions.

3.1.2 Algebraic Description of De Bruijn Graphs

In this section, we shall give a very simple algebraic description of the de Bruijn graphs.
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Definition 3.1.7 A Galois graph G,, is a directed graph on 2™ vertices in which each vertex is node is
identified with an element of GF(2"). Let « be a generator® of GF(2™). The vertex represented by v €
GF(2") has edges pointing to the vertices represented by oy and ary + 1.

Claim 3.1.8 The Galois graph G, is isomorphic to the de Bruijn graph B,,.

Proof Recall the standard definition of GF(2"). Let p(a) = a™ + c;a™ 1 + ... + ¢,_1a + ¢, be
any irreducible monic polynomial over GF(2) of degree n. Then GF(2") can be identified with
GF(2)[a]/(p(a)). Addition and multiplication in GF(2") are simple, they are performed exactly
similar to polynomial addition and multiplication and the result is then reduced modulo p(«).

We shall show that G, and B,, are isomorphic by exhibiting an isomorphism ¢ : V(B,) —
V(G,,), between the vertices of the two graphs, as follows:

n—1
G(b1,... b)) =" by 4+ " (o +chi) + ...+ (bn + Z Cibn—1)>
=1

To verify that this is an isomorphism, we need to check that (u,v) € E(B,) <= (¢(u), ¢(v)) €
E(G,). Note that in the graph B,, the edges from the vertex (b, ... ,b,) are pointed towards the
vertices (bg, ... ,by,b1) and (ba, ..., by, b1 & 1); while in G,,, the edges from

n—1
¢(b1, o abn) _ a”flbl + anfl(b2 + Cbl) + ...+ (bn + Z Cibn1)>
i=1

are towards the vertices

n—1
o (O{nlbl + Oén72(b2 + Cbl) + ...+ (bn + Z Cibn—1)>>
i=1
n—1
= bi(cia” ' +tepmiat ) +a (a”_Q(bg +cbi) + ..+ (bn + Z Cibnl)>>
i=1

a" by + a2 (by + c1bo) + ... +a <b +ch n_i | +cnbi

n—1

an1b2+an2(b3+clb2)—|—...—|—a<n+zcz i | enby +1

and
which we can easily check to be ¢(bs, ... ,by,b1) and ¢(bs,... ,b,, b1 @ 1) (not necessarily in that

order). ]

Claim 3.1.9 Let m divide n and o be a generator of GF(2"/™). Then the graph on

GF(2M™) x GF(2M™) x ... x GF(2"/™)

m times

2A generator of GF(2") is an element o € GF(2") such that 2" =1 = 1and o # 1forany 1 < k < 2" — 1. Every

element in GF'(2™) can be represented by a unique polynomial in c of degree at most n — 1 with coefficients from {0, 1}.
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in which the vertex represented by (o1, ... , o) has edges pointing to the vertices represented by
(02y... yom,aor)and (o2, ... ,0m, 01 + 1)
is isomorphic to the de Bruijn graph B,,.

Proof By Claim 3.1.8, the given graph is isomorphic to the graph on binary strings of length n in
which the vertex
(b, ... o bnyq,o bon ,b(m_l)ﬁJrh... ,bn)

has edges pointing to the vertices given by
(bﬁ+1a s 7b2ﬁ7' e 7b(m—1)%+17° .- 7bn7b2a s 7bﬁvbl)
and
(bﬁJrl,... ,bgﬁ,‘.. ;b(m—l)%-&-lw“ ybn,ba, ... ,b%,bl ©® 1)
Shuffling the order of b;’s, we observe that this graph is isomorphic to the graph in which the vertex
represented by
(b17 b%+17 s ub(m—l)%-i-h b27 b%+27 s 7b(m—1)%+27 s 7bm7 b2m7 s 7bn)

has edges pointed towards the vertices

(b1, s bme1ym 1,062,625 42, bno1yn ., Oin, b2y o b, br)
and
(bzt1yeeeybmo1yn 11,b2,0n 40, 0 b1y n o, by bom, o b b ©11)
which is identical to the de Bruijn graph. 0

Using the above result, we can now give a simple algebraic description of the extended de Bruijn

graphs.

Proposition 3.1.10 Let m divide n and o be a generator of H = GF(2"/™). Let C = {1,a,... ,a""} and
C' ={l,a,...,a° "1}, Then the extended de Bruijn graph on (5n + 1) - 2™ vertices is isomorphic to the

graph on H™ x C in which each vertex in (x1, ... ,Zm,y) € H™ x C’ has edges pointed towards the vertices
(T2, .. s T, a1, QYY)
and
(T2, ..., Tm,ax1 + 1, ay)

For ease of notation, if v € H™ x C, then let ¢; (v) and ¢2(v) denote the two neighbors of v. Or

even more generally, for any v € H™*!, define

gl(I17"' axﬂhy) = (:1723"' ,xm,axl,ay) (31)

QQ(xlv-" axm,vy) = (1'27"' ,$7,L7O[171+170Zy) (32)
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3.1.3 Proof of Lemma 3.1.2

Instead of showing that SAT is reducible to AP,, 5, we shall show that SAT is reducible under
length preserving reductions to another problem AP’,, 5. It would then follow from the definition

of AP and AP’ that SAT is reducible to AP, ;, under length preserving reductions.

Definition 3.1.11 For functionsm,h : Z+* — Z7, the problem AP, j, has as its instances (1, H, T, v, p1,

., ps, p) where: H is a field of size h(n), 1 : H' — H is a constant degree polynomial, T is an arbitrary
function from H™~' to H, the p;’s are linear maps from H™ to H™ 1 and p : H™ — H is a linear map
for m = m(n). (T is specified by a table of values, p;’s by m x (m — 1) matrices and p by a m x 1 ma-
trix.) (1", H, T\, p1,...,p) € AP',, }, if there exists an assignment A : H™~' — H such that for every
v € H™, §(T(ps(x)), A(pr(x)); . , Alps (), plar)) = 0.

Proposition 3.1.12 For any pair of functions m, h : Z+ — Z+ satisfying h(n)™™ =2 > nand h(n)™™ =

O (n'*°W), SAT reduces to AP’ , under length preserving reductions.

Proof Let ¢ be any instance of SAT of size n. By Proposition 3.1.6, we have that ¢ can be reduced
to an instance (B,,/,T) of DE-BRUIJN-GRAPH-COLOR. As the reduction is perfect length-efficient,
we have that 5n’ - 2*" = O(nlogn) or N ~ n where N = 2", Let m and h be any two functions
satisfying the requisites of Proposition 3.1.12. Let m/(n) = m(n) — 2. Let a be a generator of the field
GF(2"/™"). Now as h(n)™™~2 > p, there exists a field H of size h(n) such that the field GF(2"/™")
can be embedded in H. Now, as seen from Section 3.1.2, we can view the graph B,, as a graph on
H™ and the graph B,, as a graph on H™ xC whereC = {1, ... ,a°"}. AsC C GF(2"/™) C H, we
can further view B,, as a graph on H m'+1 \where the neighborhood functions g1, g2 are as defined
in (3.1) and (3.2). We can also view the set of colors C; and C5 as embedded in the field H. With
such an embedding, we can consider the map 7': V/(B,/) — C; asamap T : H™ ! — H.
Consider the following choice of linear transformations p; : H™ — H m'+1 (recall m’ = m — 2)

For any (Z,y,z) € H™ where T € H™ y,ze H
o p1:(T,y,2) — (T,y).
o p2:(2,y,2) — 01(Z,y).
e p3:(Z,y,2) — 02(T, y).
o py:(Z,y,2) — (z,1).
e p5: (Z,y,2) — (z,a°).

Also define p : H™ — H such that pg : (Z,y, z) — z. Note each of the p;’s are linear transforma-

tions. Now consider the polynomials defined as follows:
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o o H* - H satisfying @1‘0 oo . i.e., the restriction of ¢; on the subset C; x C3 of the
1 X035

domain is the same as the function ¢ in the definition of DE-BRUIJN-GRAPH-COLOR.

e ©o: H? — H such that ¢2(a,b) = 0iff a = b. (i.e., 2 checks if its two inputs are equal.)

@3 : H — H satisfying @3

= 0. (i.e., 3 evaluates to true if its input belongs to the set C5)
Ca

w4+ H — H satisfying ¢4| = 0. (i.e., ¢4 evaluates to true if its input belongs to the set C)

C1
It can easily be seen that the ¢;’s can be defined such that they are all of constant degree where the
degree depends only on the cardinality of the sets C; and C5.

Now consider the polynomial ¢ : H” — H defined as follows

v1(a,b,e,d) ift =1,
pa(e, f) ift=2,
¥(a,b,c,d,e, f,1) = { p3(b) if t = 3,
w4(a) if t =4,
arbitrary otherwise.

It can easily be checked that 1 is also a constant degree polynomial. By construction of i, we

have that ¥(T'(p1(2)), A(p1(2)), A(p2(2)), A(p3(2)), A(pa(2)), A(ps(2)), p(2)) = 0,¥z € H™ iff the
corresponding instance (8,,,T) € DE-BRUIJN-GRAPH-COLOR, which happens iff ¢ € SAT. Note

(1) 1 checks if the condition ¢ is satisfied by vertices of the graph.

(2) 2 checks if the first and last column of the extended graph is the same (and hence the graph

can be viewed as a wrapped graph).

(3) Finally, ¢3 and ¢4 checks iff the colors assigned by the function A and T are indeed valid
colors. (ie., T'(v) € C1 and A(v) € Cy.)

We have thus shown that (1%, H,T,%¢, p1,... ,p5,p) € AP, ), < ¢ € SAT. Moreover all the

reductions mentioned are length preserving (since h™ = O (n'*°(")). Thus, proved. O

3.2 Polynomial Constraint Satisfaction

We next present an instance of an algebraic constraint satisfaction problem. This differs from the
previous one in that its constraints are “wider”, the relationship between constraints and variables
that appear in it is arbitrary (and not linear), and the hardness is not established for arbitrary assign-

ment functions, but only for low-degree functions. All the above changes only make the problem
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harder, so we ought to gain something — and we gain in the gap of the hardness. The problem is
shown to be hard even if the goal is only to separate satisfiable instances from instances in which

only e fraction of the constraints are satisfiable. We define this gap version of the problem first.

Definition 3.2.1 For e : ZT — RY, and m,b,q : Z* — Z* the promise problem GapPCS has

e,m,b,q
as instances (1", d, k,s,F; Cy,... ,Cy), where d, k,s < b(n) are integers and T is a field of size q(n) and
C; = (A xgj), . ,x,(cj)) is an algebraic constraint, given by an algebraic circuit A; of size s on k inputs
and :rgj), . ,xfcj) € F™, for m = m(n). (1", d,k,s,F;C4,...,Cy) is a YES instance if there exists a
polynomial p : F™ — T of degree at most d such that for every j € {1,... ,t}, the constraint C; is satisfied
byp,ie., A; (p(xgj)), ... ,p(mfj))) =0.(1",d,k,s,F;Cy,...,C,) isa NO instance if for every polynomial

p : F™ — T of degree at most d it is the case that at most e(n) - t of the constraints C; are satisfied.

Lemma 3.2.2 There exist constants cy, co such that for every choice of functions €, m, b, q satisfying
(b(n)/m(n))™™M=et > n, q(n) > czb(n)/e(n) and g(n) = O (n'T°W), SAT reduces to GapPCS

e,m,b,q

under length preserving reductions.

(The problem AP,, ; is used as an intermediate problem in the reduction. However we don't
mention this in the lemma, since the choice of parameters m, h may confuse the statement further.)

We shall prove the hardness of GapPCS using another related problem Polynomial Evolu-

€,m,b,q

tion (PE) as an intermediary problem between AP and GapPCS. In Section 3.2.1, we describe the

problem Polynomial Evolution and analyze its hardness. In Section 3.2.2, we prove Lemma 3.2.2.

3.2.1 Polynomial Evolution

Definition 3.2.3 A polynomial construction rule R over a field IF on m variables is a circuit which takes an

oracle for a polynomial p : ™ — F and returns a new polynomial q : F™ — F, defined by q £ RP(x).

Polynomial Evolution involves checking whether there exists a polynomial p : F* — F such
that when a given sequence of construction rules are composed on this polynomial, the resulting

polynomial is identically zero. More formally,

Definition 3.2.4 For functionsb,m,q : Z+ — Z7, the problem PE,, ;, , has as instances (1", d,F; Ry, ... , R;)
where d < b(n) are integers, F is a finite field of size g(n) and the R;’s are polynomial construction rules
over F on m variables. (1*,d,F; Ry, ... ,R;) € PE,, 1 4 if there exists a polynomial py : F™ — T of degree
at most d such that the sequence of polynomials p; defined by p; = RPi—1 for i = 1...1 satisfies p, = 0 (i.e.,

py is identically zero.)

If ¢™ is polynomial in the description of the instance, then clearly PE,,, ; , € NP. We shall prove

the following statement regarding the hardness of PE,,, 5 4.
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Lemma 3.2.5 There exists a constant ¢ € Z* such that for functions m,h,q : Z* — Z* satisfying

q > cmhand g™ = O(n'T°W), AP,, j, reduces to PE,, 1., under length-preserving reductions.

Let (1", H,T, 4, p1, ... , ps) be an instance of AP,,, ;. Let F be a field of size ¢(n) where g satisfies
the requirements of Lemma 3.2.5 such that H C F. Let c be the degree of the polynomial ¢ : H” —
H. (Recall that by definition of AP,, j, cis a constant.)

Any assignment S : H™ — H can be interpolated to obtain a polynomial S : F* — F of degree
at most |H| in each variable (and hence a total degree of at most m|H|) such that S . S. (e,
the restriction of S to H™ coincides with the function S.) Conversely, any polynomial S : F™ —
can be interpreted as an assignment from H™ to F by considering the function restricted to the
sub-domain H™.

Based on the instance (1", H, T, ¢, p1, - .. , pe), we will construct a sequence of (m + 1) polyno-
mial construction rules which transform a polynomial py to the zero polynomial iff the assignment
given by A = po i satisfies the instance (1", H, T, %, p1, ... ,ps). The first rule takes as input a
polynomial p, : F* — [ of degree mh and outputs a polynomial p; : F* — F of degree cmh which
is 0 on H™ iff the corresponding assignment pg - satisfies the instance (1™, H,T,v¢, p1, ... , ps)-
The remaining m rules follow the sum-check protocol of Lund, Fortnow, Karloff and Nisan [22] and
“amplify” the zero-set of the polynomial p; so that the resulting polynomials are zero on larger and
larger sets. The final polynomial p,,11 : F™ — F will be identically zero iff the original polynomial
p1 was zero on H™ and hence, iff (1", H,T,v, p1, ... , ps) € APy p.

The first polynomial construction rule R; encodes the polynomial ¢y : H* — H of constant
degree c, the function T’ : H™ — H and the linear transformations p; : H™ — H. Let T:F™ - F
be interpolation of 7" such that the restriction coincides with the function 7. Also let ¢ : F7 —
F be the extension of the polynomial ¢ to the domain F™. (ie., If v : H™ — H is given by
V(@1 ) =D, mezll ...xim  then 7,21 : F™ — T is the same polynomial ¢(z1,... ,zm) =
>ai,,.. ,imxil ...xim.) Note zﬁ is also of degree c. Also let p; : F™ — F™ represent the extension
of the linear transformation p; : H™ — H™ to the domain F™ (i.e., if p; is the linear map given by
Z — AZ where z € H™ and A is a m x m matrix with elements from H, then p; is the linear map

given by z — AZ where z € F'™) The rule R; is defined as follows:

pr(@, . tm) 2 (@1, Tm), po(AL (@, T))s - Po(Pe(T1, - )
When py = A for some assignment A : H™ — H, then for (z1,... ,2,) € H™,
pr(x1,. oy xm) = V(T (z1,...,2m),Alp1(z1,... ,Zm)),. .., Alps(1,- .. ,Zm)))

Thus, p1 o = 0iff the polynomial p, represents an assignment A that satisfies the instance (1", H, T, ¢, p1,
., ps)- Note that if py is a polynomial of degree mh, then p; is a polynomial of degree at most

cmh where c is the degree of the polynomial .
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Now to the remaining rules. It is to be noted that only rule R; actually depends on the instance,
the other rules are generic rules which follow the sum-check protocol in [22]. As mentioned earlier,
these rules make the zero-set of the polynomials larger and larger.

For starters, let us first work on a univariate polynomial, p : F — F. Let H = {hy,... ,hjz|} be

an enumeration of the elements in H. Consider the construction rule that works as follows:
|H|

r) £ plhy)r!
=1

Clearly, if p(h) = 0 for all h € H, then ¢ = 0 on F. Conversely, if 3h € H,p(h) # 0, then ¢ is a
non-zero polynomial and hence is not identically zero.

Now, for multivariate polynomials, we shall mimic the above construction. Consider the se-

quence of polynomials construction rules defined as follows. For i = 1,... ,m, rule R;y; works as
follows:
|H]| }
Rit1 i piva N N — Epz(<—7"—>h <—CE—>>TZ
% — 1 variables m— lvﬁrlables

By the same reasoning as in the univariate case, we have that

=0<=1p; =0

Pi+1 CFi—1x gm—it1

Fix Hm—1t

Thus, pji1 =0 iffpllH . But pl‘H = 0 iff po‘ satisfies (1™, H,T, v, p1, ... , ps). Thus, the rules

Hm

we have constructed satisfy
(1", mh,F;R1,... ,Rpmt1) € PEpymng <= (1", H,T,¢,p1,... ,p6) € AP,

It can easily be checked that the reduction is length preserving. Thus, Lemma 3.2.5 is proved.

We can in fact prove a stronger statement regarding the hardness of the PE instance, we have

created.
Proposition 3.2.6 Suppose, we have an instance (17,d,F; Ry, ... , Rm41) of PEp, mmn g constructed from
an instance (1", H,T,, p1, ... , ps) of AP, .}, as mentioned above.

o [Completeness] If (1™, H,T,%,p1, ... ,ps) € AP n, then there exists a polynomial py : F™ —

F of degree at most mh such that the sequence of polynomials constructed by applying the rules
Ri,... , Ry (ie, p; = RPi-Y for i = 1...m + 1) satisfy pm41 = 0. Moreover, each of the

polynomials py, . .. , pm+1 are of degree at most cmbh.

o [Soundness] If there exist polynomials py : F™ — F of degree at most mh and polynomials p1, . .. , pm+1

of degree at most cmh each, such that

1)mh
Pr [p:(z) = R m’izl’.“mHJ
zEFm q
(c+ 1)mh
ngrm[pmH(x) = 0] p
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then, (1“, HT ¢, p1,... ,p6) S APm’h.
For the proof of this proposition, we shall need Schwartz’s Lemma.

Lemma 3.2.7 (Schwartz Lemma [27]) For any finite field IF, if p, q : F™ — [ are two distinct polynomials
of degree at most d each, then
d

B [p(e) = a(2)] <

Proof of Proposition 3.2.6:

The proof for the Completeness part of the proposition directly follows from the manner in
which the rules are constructed.

For the soundness part, we note that the rule R; increases the degree of the polynomial by at
most a factor of ¢ and each of the other rules R; has the effect of changing the degree with respect
to the (i — 1) variable to at most & and not increasing the degree with respect to any of the other
variables. This implies that each of the polynomials R!"~' have degree at most (¢ + 1)mh. By
Schwartz’s Lemma, it now follows that p; = RY*™' fori = 1,... ,m + 1 and p,,+1 = 0. But this

implies that pO’H satisfies (1", H, T, ¢, p1, - .. , ps). Thus, proved. O

3.2.2 Hardness of Gap PCS

We first reduce AP to GapPCS

Lemma 3.2.8 There exists a constant ¢ such that for all functions q,m,h,b,e : Z+ — Z* satisfying
q(n) > b(n)/e(n) and b(n) > 2cm(n)h(n) , AP, » reduces to GapPCS,_,, 1, , under length preserving

reductions.

Proof Let (1", H,T,%,p1,...,ps) be any instance of AP,, j,. Using the reduction in the proof of
Lemma 3.2.5, obtain the instance (1", d, F; Ry, ... , Ry,+1). Weshall build an instance (1", d, k, s, F; Cy, ... ,C})
of GapPCS, ,,, 1, , as specified below.
Let ¢ be the same constant that appears in Lemma 3.2.5. Let py be the polynomial of degree
at most mh that occurs in the proof of the statement “(1",d,F; Ry,... ,Ry41) € PE,, 5 ,”. Also let
P1,--- s Pm+1 be the polynomials defined by the rules Ry, ... , Ryy41 (i, p; = RY*™'). Note p;’s are of
degree at most cmh. We first bundle together the polynomials p, . . . , pm+1 into a single polynomial
p:Fmtt — F. Let {fo,..., f;—1} be an enumeration of the elements in F. Let F; = {fo, ..., ft1}-
Foreachi=0,... ,m+1,letd; : F — I be the unique polynomial of degree at most m + 1 satisfying

ifo = f,
5.(x) = 1 ifx=f

0 ififl‘EFm+1—fi
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Polynomial p : F"*! — T is defined as follows: For (v, z) € F™*! where v € Fand z € F™,

m—+1
p(v,2) = > 5;(v)pi(T)
i=0
Since each of the polynomials po, . .. , pm+1 is of degree at most cmh, the polynomial p is of degree

at most ecmh + m < 2emh < b.
For each x € F™, construct constraint C,, as follows:

m—+1

Co = (Pmsi(@) = 0)A A (pile) = B (@)

i=1
(This constraint is to be thought of as a constraint on the single polynomial p.)

The circuit associated with each constraint C,, checks the polynomial pat k ~ (m+2)(h+1) <b
points and has size s which is of the same order as k. Since p is of degree d which is at most b,
we have constructed an instance (17, d, k, s, F; C, ... , Ct) of GapPCS, ,,, .4 ;, , where d, k,s < band
t = ¢™. It follows from Proposition 3.2.6, that this instance (1", d, k, s, F; C4, ... ,C,) satisfies the

following lemma.

Proposition 3.2.9 Suppose, we have an instance (1", d, k, s, F; C1, ..., Cy) of GapPCS,_,,, 11, , constructed

from an instance (1™, H, T, ), p1, ... , pe) of AP, 1, as mentioned above.

e [Completeness] If (1, H, T, 4, p1, ... ,ps) € APy, 1, then there exists a polynomial p : F™+!1 — F
of degree at most d such that p satisfies all the constraints C; (i.e., A; (p(x@, . ,p(m,(:)) =0)

e [Soundness] If there exist polynomial p : F™ 1 — T of degree at most d which satisfies at least €

fraction of the constraints, then (1", H,T, v, p1, ... ,ps) € APp, p.

The completeness part of this proposition is clear by construction. For the soundness part, it is
to be noted that if at least (¢ + 1)mh/q fraction of the constraints are satisfied, then the soundness
condition in Proposition 3.2.6 implies that (1", H, T, %, p1, ... , ps) € APy, 1. The only observation
to be made is that e > b/q > 2cmh/q > (¢ + 1)mh/q.

This proposition completes the proof of the lemma.

Lemma 3.2.2 now follows from Lemma 3.1.2 and Lemma 3.2.8.

30



CHAPTER 4

Low Degree Test

Low-degree tests have been a subject of much research in the context of program checking and
PCPs. We use the reduction of SAT to GapPCS described in Chapter 3 to construct MIPs that are
efficient in randomness. The MIPs for GapPCS consists of a proof (or more correctly a prover)
which is a polynomial provided as a table of values. The MIP verifier before checking whether the
polynomial provided by the prover satisfies the constraints of the GapPCS problem, needs to verify
that the table of values supplied by the prover is indeed close to a polynomial. Low-degree tests
are procedures designed to address this verification step ,i.e., to verify that an arbitrary function
f :F™ — F is close to some (unknown) polynomial p of degree d. For our purposes, we need tests
that have very low probability of error. Two such tests with analyses are known, one due to Raz
and Safra [25] and another due to Rubinfeld and Sudan [26] (with low-error analysis by Arora and
Sudan [3]) For our purposes the test of Raz and Safra [25] is more efficient than that of Arora and

Sudan [3] for reasons which we will explain shortly.

4.1 The Plane-Point Test

A plane in F™ is a collection of points parametrized by two variables. Specifically, given a, b, c € F™
the plane pq 5 = {@ap,c(t1,t2) = a + t1b + taclti, to € F}. Several parameterizations are possible
for a given plane. We assume some canonical one is fixed for every plane, and thus the plane is
equivalent to the set of points it contains. The low-degree test uses the fact that for any polynomial
p : F™ — F of degree at most d, the function p,, : F? — F given by p,,(t1,t2) = p(p(t1,t2)) is a
bivariate polynomial of degree at most d. The verifier tests this property for a function f by picking

a random plane through F™ and verifying that there exists a bivariate polynomial that has good
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agreement with f restricted to this plane. The verifier expects an auxiliary oracle fpianes that gives

such a bivariate polynomial for every plane. This motivates the test below.
Low-Degree Test (Plane-Point Test)

Input: A function f : F — F and an oracle fpjanes, Which for each plane in F* gives a

bivariate degree d polynomial.

1. Choose a random point in the space z € F™.
2. Choose a random plane g passing through x in F™.
3. Query fplanes ON p to obtain the polynomial k. Query f on x.

4. Accept iff the value of the polynomial &, at = agrees with f(z).

It is clear that if f is a degree d polynomial, then there exists an oracle fpianes such that the above

test accepts with probability 1. It is non-trivial to prove any converse and Raz and Safra give a

strikingly strong converse. Below we work their statement into a form that is convenient for us.
First some more notation. Let LDT/+/pianes (22 5} denote the outcome of the above test on oracle

access to f and fplanes- Let f, g : F™ — T have agreement ¢ if Pryepm [f(z) = g(x)] = 0.

Theorem 4.1.1 ([25]) There exist constants cq, c1, c2, cs such that for every positive real §, integers m,d
and field F satisfying |F| > cod(m/d)*, the following holds: Let f : F™ — T be any function. If there
exists an oracle fyjanes satisfying Pr, ,[LDT/fetenes (1 ) = accept] > 4§, then there exists a polynomial

p : ™ — T of degree at most d such that p and f agree on at least §°2 /c3 fraction of the points.

The above theorem statement of Raz and Safra [25] relates the probability of a function f passing
the low degree test with the agreement of f with some polynomial of low degree. The form of the
statement which will be most convenient for us to work with is one which states that the probability
of the low degree test passing on points at which f does not agree with any of the polynomials it
has high agreement with is very low. We work the above statement of Raz and Safra into the
following form. We present the proof of Theorem 4.1.2 starting from the statement of Raz and Safra

(Theorem 4.1.1) in the subsequent section.

Theorem 4.1.2 There exist constants c,c such that for every positive real 8, integers m,d and field F
satisfying |F| > cd(m/8), the following holds: Fix f : F™ — F and fyjanes. Let {P1, ... , P} be the set of
all m~variate polynomials of degree d that have agreement at least /2 with the function f : F"™ — F. Then

Pr(f(z) & {P.(x),..., P(x)} and LDT/Fetanes (1 o) = accept] < 6.

ZT,0

A cubic blowup in the proof-size of the MIPs we will be constructing (in Chapter 5) occurs from

the oracle fpjanes Which has size cubic in the size of the oracle f. A possible way to make the proof
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shorter would be to use an oracle for f restricted only to lines. (i.e., an analogous line-point test
to the above test) The analysis of [3] does apply to such a test. However they require the field size
to be (at least) a fourth power of the degree; and this results in a blowup in the proof to (at least)
an eighth power. Note that the above theorem only needs a linear relationship between the degree

and the field size.

4.2 Stronger Forms of the LDT

In this section, we shall prove stronger forms of Theorem 4.1.1 and finally prove the form of the
theorem (Theorem 4.1.2) which is most convenient to us. The first strong from of the theorem is as

follows:

Theorem 4.2.1 Let ¢y, c1, c2, c3 be the constants that appear in Theorem 4.1.1. For every positive real 9,
integers m, d and field IF satisfying |F| > cod(m/5)°*, the following holds: Fix f : F™ — F and fplanes. Let
{P,..., B} be the set of all m-variate polynomials of degree d that have agreement at least §°2 /2c3 with
the function f : F™ — F. Then

f;[ f(x) € {Pi(x),...,P(zx)} and LDT /oianes (3 ) = accept] < 4.

Proof Suppose, Pr, ,[f(z) & {Pi(z),...,Pi(z)} and LDT/#rlanes (1 ) = accept] > 0. Let S C
F™ be the set of all points in F™ at which f does not agree with any of P;,... , P,. Then by our
hypothesis, f's passes the low-degree test (Plane-point test) with probability at least §. We can
now extend f ’ < to a function ¢ : F* — I on the entire domain F™ by setting the value of g at points
notin S randomly. As g passes the test low degree test with probability at least §, by Theorem 4.1.1,
we have that there exists a polynomial P : F™ — F of degree at most d that agrees with g on at
least 6“2 /c3 fraction of the points in F*. The points of agreement of P with g must be concentrated
in S as the value of g at points in ™ — S is random. Note the a random function has agreement
approximately 1/|F| with every degree d polynomial. Thus, P agrees with f gon at least % [F™|
points in S. As f is different from each of P, ... , P, in S, this polynomial P must be different from
Pi,...,P. Thus, we have a polynomial other than P;, ... , P, that agrees with f on §°2 /2¢3 fraction
of points in F™. But this is a contradiction as { P4, ... , F;} is the set of all polynomial that have at

least §° /2c3 agreement with f. U

Now, for some more notation. Fix f : F"* — F and an oracle fpjanes- Let the success probability
of a point 2 € F™ be defined as the fraction of planes p passing through x such that the value of
the polynomial fyianes(f) at « agrees with f(x). The success probability of a plane p is defined to
be the fraction of points z on the plane p such that fpanes(p) at x agrees with f(z). Note, by this
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definition

Ecrm| Success probability of | = E [ Success probability of o | = Pr[LDT//rlanes — accept ]
0

p— plane

We are now ready to prove the next stronger form of Theorem 4.1.1.

Theorem 4.2.2 There exist constants c,c such that for every positive real 8, integers m,d and field F
satisfying |F| > cd(m/8)¢, the following holds: Let f : F™ — T be any function. If there exists a oracle
Folanes satisfying Pr, ,[LDT/Frianes (2 o) = accept] > 8, then there exists a polynomial p : F™ — F of
degree at most d such that p and f agree on at least 36 /4 fraction of the points.

Proof

Let p be a random plane. Since £ [ Success probability of | > ¢, it follows by an averag-

o— plane
ing argument that with probability at least §/8, the success probability of p is at least 7§/8. In other

words, if for a random plane p, E(p) denotes the event that there exists a bivariate polynomial

gp : F? — T of degree at most d that agrees with f on at least 7§/8 fraction of the points on p, then

Pr[E(p)] > (4.1)

)

x| >

Let ¢, c1, ¢2, c3 be the constants that appear in Theorem 4.1.1. Let P, ... , P, be all the polyno-
Cc2
mials of degree at most d that agree with f on at least 5 (g—;) fraction of the points of F™™. Note
c3

that I < 4c3 (2)®. Define p1,... , p; such that p; = Pryepm [P;(z) = f(2)] (i-e., agreement of P; and
f)- If we show that there exists an i such that p; > 36/4, we would be done. We will assume the
contrary and obtain a contradiction to (4.1).

Suppose foralli =1,... ,1, p; < 35/4. Let p be any plane such that the event E(p) occurs. Then,

the bivariate polynomial g,, that is described in the event F(gp) should satisfy one of the following.

Case (i) g, ¢ {Pl’ ey Pl‘ }. (i.e., g, is not the restriction of any of the P;’s to the plane p.)
P P

Case (i1) g, € {Pl) ey Pl‘ }. (i.e., g, is the restriction of one of the P,’s to the plane p.)
o P

In case (i), we have that p is a plane whose success probability is at least 7§/8 and moreover, on
at least 76/8 — Id/|F| fraction of the points on g, the polynomial g, agrees with f but not with any
of Py,..., P. By Theorem 4.2.1, if [F| > cod(20m/§%)¢!, then at most 62 /20 fraction of the points in
F™ are such that f does not agree with Py, ... , P, but the low degree test passes at that point. Thus,
by an averaging argument it follows that

52
Pr[ Case (i) occurs | <

) 20(% — %)

>

If [F| > 22¢2+55¢2F1c5d /3521, then |F| > 40ld/38 and the above probability is less than §/16. Thus,

if F is chosen in such a manner, the probability of case(i) happening is less than §/16.
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In case (ii), fori =1, ... ,l, define the random variable v, to denote the fraction of points on the
random plane p at which P; agrees with f. We have that for each i, E,[y;] = p;. An application of
Chebyshev’s inequality tells us that foreachi =1,... 1,

Privi—pi> 2| < 5o
o {7 P 8} 52[F[2

As we have by our assumption that p;, < 36/4, we have that

. 7 64p;  22¢2H85020,
Br B> | <0< e <

If we choose I such that |F| > 2¢27652/2 /5 /5¢2+1 then the above probability is less than §/16.
Note that the probability on the LHS is an upper bound on the Pr,[ Case (i¢) occurs ]. Thus, case
(ii) happens with probability less than §/16.

Let ¢, ¢ be sufficiently large constants such that |F| > cd(m/6)¢ implies the three inequalities
IF| > cod(20m/52), |F| > 22¢2+55¢2+1c5q/35%+1 and |F| > 2¢27652/2, /c5/5°2+1, In this case we
have that Pr,[E(p)] = Pr,[ Case (i) | + Pr,[ Case (i) | < §/16 4+ 0/16 = §/8. This contradicts (4.1).
Hence, there does exist a i such that p; > 36/4. Thus, for this i, the polynomial P; and f agree on at
least 36/4 fraction of the points in F™. O

Theorem 4.1.2 is obtained from Theorem 4.2.2 by mimicking the proof of Theorem 4.2.1 from
Theorem 4.1.1.
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CHAPTER 5

Randomness Efficient MIP for SAT

In this chapter, we show how to translate the use of state-of-the-art low-degree tests, in particular
the test of Raz and Safra [25], in conjunction with the hardness of PCS to obtain a 3-prover MIP for
SAT.

Using GapPCSs it is easy to produce a simple probabilistically checkable proof for SAT. Given
an instance of SAT, reduce it to an instance Z of GapPCS ; and provide as proof the polynomial
p : F™ — F as a table of values. To verify correctness a verifier first “checks” that p is close to some

polynomial using the low degree test and then verifies that a random constraint C) is satisfied by

.

A proof for such a PCP (MIP) system would be an oracle f representing the polynomial and
the auxiliary oracle fplanes- The verifier performs a low-degree test on f and then picks a random
constraint C; and verifies that C; is satisfied by the assignment f. But the naive implementation
would make k& queries to the oracle f and this is too many queries. The same problem was faced
by Arora, Lund, Motwani, Sudan and Szegedy [1] who solved it by running a curve through the
k points and then asking a new oracle fcurves to return the value of f restricted to this curve. This
solution cuts down the number of queries to 3, but the analysis of correctness works only if |F| > kd.
In our case, this would impose an additional quadratic blowup in the proof-size and we would like
to avoid this. We do so by picking r-dimensional varieties (algebraic surfaces) that pass through
the given k points. This cuts down the degree to 7k'/". However some additional complications
arise: The variety needs to pass through many random points, but not at the expense of too much

randomness. We deal with these issues in the following section.
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5.1 MIP Verifier

A variety V : F” — F™ is a collection of m functions, V = (V1,...,Vy), V; : F” — F. A variety
is of degree D if all the functions Vi, ... ,V,, are polynomials of degree D. For a variety V and
function f : F™ — T, the restriction of f to V is the function f V: F" — F given by f V(al, cee Ly ap) =
f(V(aq,...,a,)). Note that the restriction of a degree d polynomial p : F"* — F to an r-dimensional

variety V of degree D is an r-variate polynomial of degree Dd.

Let S C F be of cardinality k'/". Let z1,... , 2, be some canonical ordering of the points in S".
Let Vé?;l,... =z, + " — F™ denote a canonical variety of degree (S| that satisfies Vé?ih“_ 2 (7)) = T

foreveryi e {1,... ,k}. Let Zg : F” — F be the function given by Zs(y1, ... ,yr) = [Ti—; [Toes(¥i—
a); ie. Zs(z) = 0. Leta = (aq,...,am) € F™. Let Vélgt be the variety (a1 Zs,... ,amZs).
We will let Vs o z,.... 2, be the variety Vg];lwk + Véll Note that if a is chosen at random,
VS.az1,... zi (%) = x; for z; € S”and Vs o 4. 2, (2) is distributed uniformly over F™ if z € (F—S)".
These varieties will replace the role of the curves of [1].

We are now ready to describe the MIP verifier for GapPCS (Henceforth, we shall assume

€,m,b,q"

that ¢, the number of constraints in GapPCS instance is at most ¢>™. In fact, for our reduction

€,m,b,q

from SAT (Lemma 3.2.2), ¢ is exactly equal to ¢™.)
MIP Verifier/ /oienes: fvaricties (17 | s, F; Cy, ..., Ch).
Notation: r is a parameter to be specified. Let S C F be such that |S| = k'/".

1. Picka,b,c € F™ and z € (F — S)" at random.

2. Let p = @q.p,c. Use b, c to compute j € {1,...,t} atrandom (i.e., j is fixed given b, ¢, but
is distributed uniformly when b and ¢ are random.) Compute « such that V(z) = a for
V=Yg,

20,

3. Query f(a)/ fplanes(p) and fvarieties(v)' Let g = fplanes(p) and h = fvarieties(v)'

4. Accept if all the conditions below are true:

@) -
.,ka

(@) gand f agree at a.
(b) hand f agree at a.
(c) A;j accepts the inputs h(z1), ..., h(zg).
Complexity: Clearly the verifier V' makes exactly 3 queries. Also, exactly 3mlogq + rloggq

random bits are used by the verifier. The answer sizes are no more than O((drk'/" 4 r)" log q) bits.

5.1.1 Completeness and Soundness of MIP Verifier

Now to prove the correctness of the verifier. Clearly, if the input instance is a YES instance then

there exists a polynomial P of degree d that satisfies all the constraints of the input instance. Choos-
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ing f = P and constructing fpianes and fuarieties to be restrictions of P to the respective planes and
varieties, we notice that the MIP verifier accepts with probability one. We now bound the sound-

ness of the verifier.

Claim 5.1.1 Let § be any constant that satisfies the conditions of Theorem 4.1.2 and § > 2\/% . Then the
soundness of the MIP Verifier is at most

de | Arkid
S+~ + :
0 (g —Fkv)

Proof Let Py,..., P, be all the polynomials of degree d that have agreement at least §/2 with f.
(Note I < 4/6 since § > 21/d/q.) Now suppose, the MIP Verifier had accepted a NO instance, then

one of the following events must have taken place.

Event1: f(a) ¢ {Pi(a),...,Pi(a)} and LDT//eienes (¢, o) = accept.
We have from Theorem 4.1.2, that Event 1 could have happened with probability at most ¢.

Event2: 3i € {1,... 1}, such that constraint C} is satisfiable with respect to polynomial P;. (i.e.,
Ay (PP, Pi))) = 0).
As the input instance is a NO instance of GapPCS, ,,, ;, ., this events happens with probability

at most le < 4e/0.

Event 3: Vi, P; V# h, but the value of h at a is contained in { P, (a), ... , P(a)}.
To see this part, we reinterpret the randomness of the MIP verifier. First pick b,c, € F™.
From this we generate the constraint C; and this defines the variety V = Vs,a,xg-” el Now
we pick z € (F—S)" at random and this defines & = V(z). We can bound the probability of the
event in consideration after we have chosen V, as purely a function of the random variable z

as follows. Fix any ¢ and V such that P;

V;«é h. Note that the value of h at a equals h(z) (by
definition. of a, z and V). Further P;(a) = P;

v(z) But z is chosen at random from (F — .S)".
By the Schwartz’s lemma (Lemma 3.2.7), the probability of agreement on this domain is at
most rk'/"d/(|F| — |S]). Using the union bound over the i’s we get that this event happens
with probability at most Irk!/"d/(|F| — |S|) < 4rk+=d/é(q — k+).

We thus have that the probability of one of the above events occurring is at most ¢ + 4¢/6 +
drkrd/5(q — k7).
We would be done if we show that if none of the three events occur, then the MIP verifier rejects.

Suppose none of the three events took place. In other words, all the following happened

e f(a) € {Pi(a),...,P(a)} or LDT//rines (g, ) = reject. We could as well assume that f(a) €
{Pi(a),...,P(a)} for in the other case (i.e., LDT rejects), the verifier rejects.

o Vi, A;(Pi(aY,... Pi(aV) #0.
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e 1i, P; o h or the value of h at a is not contained in { P (a), ... , Pi(a)}.

If h at a is not one of Pi(a),... , P(a), then the MIP verifier rejects as f(a) € {Pi(a), ..., Fi(a)}. So,
if the MIP verifier had accepted, it should be the case that 3i, P; o h. Butas Vi, A;(P; (x(lj ), oL Py (xff )) #+
0, the verifier is bound to reject in this case too. Thus, if none of the the three events occurred, then

the verifier should have rejected. O

5.2 Proof of Lemma 2.2.1

We can now complete the construction of a 3-prover MIP for SAT and give the proof of Lemma 2.2.1.
Proof of Lemma 2.2.1: Choose § = £. Let ¢, ¢’ be the constants that appear in Theorem 4.1.2.
Choose ¢’ = £/2 where ¢ is the soundness of the MIP, we wish to prove. Choose ¢ = min{du/12,¢’/3(9+
)}. Let n be the size of the SAT instance. Let m = elogn/loglogn, b = (logn)3*+ and ¢ =
(logn)2t<'++. Note that this choice of parameters satisfies the requirements of Lemma 3.2.2. Hence,

SAT reduces to GapPCS under length preserving reductions. Combining this reduction with

€;m,byg
the MIP verifier for GapPCS, we have a MIP verifier for SAT. Also ¢ satisfies the requirements
of Claim 5.1.1. Thus, this MIP verifier has soundness as given by Claim 5.1.1. Setting r = 1, we
can easily check that for sufficiently large n, 4rk+d/d(q — k+) < 8rk+d/qd < ju/3. We thus have
that the soundness of the MIP verifier is at most § + 4¢/0 + p/3 < p. The randomness used is
exactly 3mlog g + r log ¢ which with the present choice of parameters is (3 + ¢’) logn + poly logn <
(3+¢)log n. The answer sizes are clearly poly logn. Thus, SAT € MIPL%JW[(S +¢) logn, poly log n].

O
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CHAPTER 6

Constant Query Inner Verifier for MIPs

In this chapter, we truncate the recursion by constructing a constant query “inner verifier” for a

p-prover interactive proof system.

6.1 Inner Verifier

6.1.1 Introduction

An inner verifier is a subroutine designed to simplify the task of an MIP verifier. Say an MIP verifier
Vout, on input = and random string R, generated queries ¢, ... , g, and a linear sized circuit C. In
the standard protocol the verifier would send query ¢; to prover II; and receive some answer a;.
The verifier accepts if C(ay,...,a,) = —1. (In this section, we will assume all Boolean functions
map to {+1, —1} with —1 representing the logical true.) An inner verifier reduces the answer size
complexity of this protocol by accessing oracles Aj,... , A, supposedly encoding the responses
ai,...,ap, and an auxiliary oracle B; and probabilistically verifying that the A;’s really correspond
to some commitment to strings a1, ... ,a, that satisfy the circuit C. The hope is to get the inner
verifier to do all this with very few queries to the oracles A,,... , A, and B and we do so with one

(bit) query each to the A;’s and seven queries to .

6.1.2 Details of the Inner Verifier

Let A = {+1,-1}* and B = {(a1,... ,ap)|C(a1,... ,ap) = —1}. Let m; be the projection function
m; + B — A which maps (a1,...,ap) to a;. By abuse of notation, for 5 C B, let m;(5) denote
{mi(z)|x € S}. Queries to the oracle A; will be functions f : A — {+1, —1}. Queries to the oracle B
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will be functions g : B — {+1, —1}. The inner verifier expects the oracles to provide the long codes
of the strings a1, ... , ap, i.e., A;(f) = f(a;) and B(g) = g(a1, ... ,a;,). Of course, we can not assume
these properties; they need to be verified explicitly by the inner verifier. We will assume however
that the tables are “folded”, i.e., A;(f) = —A:(—f) and B(g) = —B(—yg) for every i, f,g. (This is
implemented by issuing only one of the queries f or —f for every f and inferring the other value,

if needed by complementing it.)!We are now ready to specify the inner verifier.
‘/innerAhm ’AP’B(A, B, Tlyeeny 7Tp).

1. Foreacheachi € {1,...,p}, choose f; : A — {+1,—1} at random.
2. Choose f, g1, 92, h1,ha : B — {+1, —1} at random and independently.
3. Letg= f(g1 Ng2) (Ilf; om;)) and h = f (hy A ho) (ILf; o m;)).
4. Read the following bits from the oracles A,... ,4,,B
y; = A;(f;),foreachi € {1,...  p}.
w = B(f).
uy = B(g1);u2 = B(g2)
vy = B(hy);ve = B(hs)
z1 = B(g); 22 = B(h)
5. Accept iff

p
w]:[yz = (’ll,l A UQ)Zl = (’Ul A 1)2)22
i=1

Clearly, the number of queries made by Vinner is exactly 7 while the randomness needed by it is

plA| + 5|B| < p2a + 52p9 = O(2p9).

6.1.3 Completeness and Soundness of Inner Verifier

It is clear that if a1, ... ,a, are such that C(as,... ,a,) = —1 and for every i and f, A;(f) = f(a;)
and for every g, B(g) = g(a1, ... , ap), then the inner verifier accepts with probability one. The fol-
lowing lemma gives a soundness condition for the inner verifier, by showing that if the acceptance
probability of the inner verifier is sufficiently high then the oracles Aj,... , A, are non-trivially
close to the encoding of strings aq, ... , a, that satisfy C'(a1,... ,a,) = —1. The proof uses, by now
standard, Fourier analysis.

Note that the oracle A; can be viewed as a function mapping the set {4 — {+1,—1}} to the
reals. Let the inner product of two oracles A and A’ be (A, A’) = 274 > Af)A(f). Fora C A,
let xo(f) = [l4ca f(a). Then the x.’s give an orthonormal basis for the space of oracles A. This

1The folded condition in terms of Fourier coefficients translates to A, = 0 for all o such that || is even. More specifically,

Ay =0.
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allows us to express A(-) = > Aaxa(-), where A, = (A, x.) are the Fourier coefficients of A. In
what follows, we let Ai,a denote the o' Fourier coefficient of the table A,. Similarly one can define

a basis for the space of oracles B and the Fourier coefficients of any one oracle.

Our next lemma lays out the precise soundness condition in terms of the Fourier coefficients of

the oracles 44, ... , A,.

Claim 6.1.1 For every € > 0, there exists a §(= 0.) > 0 such that ifVinnerAl’“' ’AP’B(A, B,mi,...,mp)

accepts with probability at least § + ¢, then there exist a1, . .. ,a, € Asuch that C(as,. .. ,a,) = —1 and

|Ai,{ai} > § foreveryi e {1,...,p}.

Proof Let d be some constant (to be decided later.) Assume that there do not exist a1, ... ,a, € A
such that C(aq,...,a,) = —1 and \Ai’{ai}| > ¢ for every i € {1,...,p}. On restating this as-
sumption, we get that for every 8 C B such that || = 1, there exists ai € {1,...,p} such that
|flim( 3)| < 0. To prove the lemma, it is sufficient if we show that for a particular choice of 4, this

assumption implies that the acceptance probability of Viyner is less than % + €.

The acceptance condition of the verifier Viyner can be given by the following expression.

1 : -
ACC = Z <1 + w(u1 /\'LLQ)Zl H%) (1 + W(Ul A 'UQ)ZQ H%)

i=1 i=1

Thus, the acceptance probability (E[ACC]) of Viyner is exactly equal to

1

-F
4 . .
i=1 =1

<1 + B(f) (B(g1) A B(g2)) B(g) HAi(fi)> (1 + B(f) (B(h1) A B(ha)) B(h) [ | Ai(fi))]

where the expectation is taken over the random choices of the functions f;, f, g1, g2, h1 and hs. This

expression can be simplified to

BIACCI =} + 3By, pan | BU) (Blo) A Blo2) Blo) [[ 4:(4) 61)
1

+ Erisgnemhe [(Blg1) A Blgz)) (B(hi) A B(he)) B(g)B(R)]  (6.2)

Using Fourier expansion and the fact that aAb = 1£2+=90 the expectation in (6.1) can be expressed
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as follows

B(f)B(9)B(g1) HAi(fi)
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The other expectation in (6.2) in the acceptance probability can be simplified to

1B BB + B [B(91) Blg) B(R)] -
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%E [B(91)B(92)B(9)B(h)] + E [B(¢1)B(h1)B(g)B(h)]

—E[B(g1)B(91)B(h1)B(9)B(h)] + E [B(g1) B(91) B(h1) B(h2) B(9) B(h)]

This expression can be further simplified to
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This expression can easily be seen to be no more than

2
1 sy (1Y
ZZBﬁ<Z> 1+ > |Bg,|
B8 B1CB

We have thus shown that the acceptance probability is no more than

1 (14 75)? 41 (1+p)*
1t ZBﬁ <H|Am<ﬁ>| 9B T a Al

where y5 =3 55 [Bar|-
Define i =375, Bg, 3= 2|5=3 Bg and 75 = 3 555 Bg,. (Note 11 +n3 + 15 = 1.) With these

definitions, the acceptance probability can be shown to be less than

(14+VT= m +3m)? | 25
+ 3—2775

1[7;1(1+\/77_1)4+ (1+m+ﬁ) }

1 1
- — |2m10
1 + 4[771 + 13

t g 16 13 256 + 4_677
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This expression is of the form A1 (1) + n3A2(n1) + Cns where Aq, A; are the appropriate functions
and C a constant. For a fixed 7, if A2(n1) < C, then the acceptance probability is at most A1 (1) +
C(1—m1) and otherwise the acceptance probability is at most A1 (1) + (1 —11)A2(11). We shall show
that both these expressions are at most 3 + 2. The first of these expressions is

11 1+ym)* (25 5
4+4{27715+77116+ 32 T 16 (L—m)

which is at most

()

1+5 1 N 25+54 a )
1 2| T\ 327 g6 n

Now as (% + 3—2) < 1, the expression 7; + (% + Z—Z) (1 — ) is at most 1. Hence the above

expression is no more than % + % for 7 < 1. The other expression is

1 1 1+ ym)*
Z Z 9 Vi
1 T { mo +m 16
+ 1—m {(1+\/1771+\/3771)2 n (14T —n1 +/3n)*
4 8 256

From Claim 6.1.2, it follows that this expression is at most & + 3.

We thus have that the acceptance probability in either case is less than 2 + 2. Thus choosing
0 = 2¢, we have that the acceptance probability of Vine is less than % + ¢, which is what we wanted

to prove. 0

Claim 6.1.2 For0 <n <1,

! 256

(1+\/77_1)4+(1m><(1+\/1771+\/W)2+(1+\/1771+\/W)4>
16 8

is at most 1

Proof For 7, < 1, we have that /T —1n; < 1 — /2. Using this fact, the above expression is at

most

4
771(1'*‘1—6\/7771)_'_(1_771)(

(2 -2+ /3m)? n 2-2+ \/3771)4>
8 256

For convenience, let us call the above expression 1(11).

Define 1/(n1) = p((1 — m)?). Note y/ is a polynomial of degree 10 in 7;. In fact p/(m) =
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w1(m) + p2(m), where iy and s are as defined below.

()= 14 (2681, 255 Y, 4 (180T AT g ey (50T 305 ) s
i) = 2048 256 °) M T 4006 m12v°) ™M 128 " 51277 )™M
2195 411 .\ 203 169 .

+ (1024 T2 3) ot <_1024 " 512 3) '

B 615 77 s (35 35 . 2% 9 .
pelm) = ( 2048 ' 512 3) e (256 512 3) e ( 1024 512 \/g) n

+ (505~ 51573) 78~z
We can easily check that ps(n1) < 0 for all 5y > 0. Thus it suffices, if we show that pq (1) < 1
for all 0 < n; < 1. Consider the function x(171) = (11(m) — 1)/m. x is a polynomial of degree 4 in
71 with a negative leading coefficient. It can easily be checked that the polynomial x(x) has no real

roots. Hence x(n1) < 0 for all ;. Thus, p1(m1) < 1forall 0 < n;.
O

6.2 Composed Verifier

There is a natural way to compose a p-prover MIP verifier V,,; with an inner verifier such as Vipner
above so as to preserve perfect completeness. The number of queries issued by the composed
verifier is exactly that of the inner verifier. The randomness is the sum of the randomness. We
finally sum up giving the composed verifier and thus prove Lemma 2.2.3.
Proof of Lemma 2.2.3:

Let € > 0 be an arbitrary number. Choose ¢ = ¢/2. By claim 6.1.1, there exists a 6 = . such that
the statement of Claim 6.1.1 holds. Choose v = £62P. For this choice of ~, we shall show that

MIPy 4 [p, 7, a] € PCPy 1 [r+ O(2"*),p + 7]

thus, proving Lemma 2.2.3.
Let L € MIP; 4[p,, a]. Let V4,4 be the corresponding MIP verifier for L. The action of V;; is as

described below.

Vout interacts with p provers, IIy, ... ,II,. On an input string x of length n, Vo, picks a r(n)-
bit random string R; generates p queries (1, qiR)), ooy (p, qz(,R)) and a linear sized circuit Cr. It
(R)

then issues query (i,q, ) to prover II; which responds with the answer a; - Vout accepts iff

i
CR(GL(AR), . 7ap7qém) =—1.

Let @ be the set of all queries issued by V., on input string = and over all random strings
R. (Notice that |Q| < p2" since each random string R uniquely determines the query V., issues
to prover II;) The p provers I1y, ... ,II, that V. interacts with can be thought of as p functions

I; : Q — {0,1}*.
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We shall now construct a (r + O(2P%), p + 7)-restricted verifier Voomp for L by composing Vs
with the inner verifier Vinner specified in Section 6.1.2. The proof (or oracle) that Viomp expects is of

the formI": {0,1}* — {+1,—1}.

Veomp' ()

1. Pick a random string R € {0,1}7(").

2. Generate queries (1, qER)), s (py q,(,R)) and circuit Cr as Vot would do on input x and

random string R.

3. Foreachi € {1,... ,p}, set A;() — (i, ).

4. SetB—T(p+1,R,).
5. Set A « {41, -1},
6. Set B« {(a1,...,ap)|Cr(a1,... ,ap) = —1}

X

7. Foreachi € {1,...,p}, set the projection function 7; : B — A such that (a1, ... ,ap) —
a;.
8. Accept iff Vinmer 17 ’A”’B(A, B,m1,...,m,) accepts.
Clearly the number of queries issued by Veomp is that of Vigner which is 7, while the total ran-

domness is the sum of the randomness of V.t and Vipner which is r + O(2P%).

It is easy to verify that V.omp has completeness 1. Suppose = € L. By the completeness of

Vout, there exists tables 11, . .. ,II, such that PrR[Voutnl"" ATy (z,R) = accept] = 1. Foreach R €

{0,1}7, let (1, qj(f%)), .., (p, q§f)) be the queries issued by V;+ on input string « and random string

R. Construct another oracle 11,41 : {0,1}" — {0,1}7 such that 11,11 (R) = (a, BRI q(R))
247 24p

(R)

where a; ) = II;(g;”) (i-e., response of oracle IT; on query qI(R)). Now if we construct I' such that

e Foreachie {1,... ,p},and ¢ € Q, IT'(4, ¢, -) is the long code of II;(g).
e Foreach R € {0,1}",'(p + 1, R, -) is the long code of I, 1 (R).

we note that Viomp accepts on all random strings. Thus, the completeness is 1.
The only thing that is left to be proved is that the soundness of Veomy, is % + €. We prove this by
showing that if V.omp accepts = with probability at least § + ¢, i.e.,

];}‘[VF(IC;R/) = accept] > = +e¢

DN | =

(where R’ is the combined randomness of Vo, and Viyner) then z € L. By the soundness condition
of the outer MIP verifier V,,, it is sufficient if we show that there exist provers II;, ... ,II, such
that

%r[VHl"“’HP (x; R) = accept] >~
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And the rest of the proof would be devoted to proving this fact.
Consider the following randomized strategy DECODE that takes as input a folded table A and
returns a a-bit string. A is an oracle whose input are functions of the form f : A — {+1, —1}. Recall

A= {+1,-1}
DECODE(A)

1. Choose a C A with probability A2.

2. Choose an z € a uniformly at random.

3. Return z.
We remark that since ) | A2 =1, A2 does determine a probability distribution and hence Step 1 is
legitimate. Moreover, the procedure will never get stuck in Step 2 because of choosing o = ¢ since
Ag =0 (as Ais folded) We thus have that if [A,}| > 6, then Pr[DECODE(A) = a] > 6.

Now imagine constructing the p provers Iy, ... ,II, using the randomized strategy DECODE

(on the proofs I' of the composed verifier Veomp) as follows:
Foreachi e {1,...,p} do

For each ¢ € Q do
Set a; ; — DECODE(I'(4, g, -).
Set prover II; : @ — {0,1}* such thatIT;(¢) = a; 4, Vg € Q.
We shall now show that if Voomp accepts  on proof I' with probability at least § +¢, then Vo, accepts
x on interacting with the p provers I1, . .. , II, as constructed above with probability at least v (over

the random coin tosses of V5, and the DECODE strategy.)

Let R denote the set of random choices of the MIP verifier V,,; that satisfy

}:F%)/I;[‘/innerAh...7Ap,B(x;R/l) — aCCEpt] Z +

DN | =
N

where the probability is taken over the coin tosses R” of Vigner and each of A;(-) = I'(i, qz(R), )
and B =T'(p + 1, R, ) as specified in the working of Veomp. By an averaging argument, it follows
that Prg[R € R] > €/2. Lete = ¢/2 and 0 = 4. as mentioned in the beginning of the proof. By the
soundness condition for the inner verifier Vi, o, (see Claim 6.1.1), we have that for each R € R, there
exist agR),... ,aéR) such that CR(agR)7... ,aéR)) = —land foreach! € {1,... ,p}, |A¢,{a§R>}‘ > 0.
Translating these conditions into the proof of the composed verifier Veomp, we have that for each
R € R, there exist agR), e ,a;R) such that CR(agR),... ,a,(;R)) = —land foreach [ € {1,...,p},
|(D(3, qER), -){a;R>}| > 6. We now use these facts to produce p provers Il ... , I, for V,, such that

Vout accepts these p provers with probability at least .
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Reiterating the soundness condition from the inner verifier Vinner, we have that for each R € R,

there exist agR), e ,a,(,R) such that CR(agR), cee al(yR)) = —landforeachl e {1,...,p}, |(T(i, qZ(R), ~)){a<R>}\ >
1
0. Now, let us analyze the probability of the outer verifier accepting the provers1ly,... ,II, oninput

string =, where the provers II; are constructed from I' as mentioned before.

Pr [Voutnl’“"np (z;R) = accept| = Pr {C’T(a1 RTINS q(R)) = —1}
247 1P

Y

Pr {VLHi(qu)) = aER)}

> Pr(ReRr] Pr[vi (") = ag% cR|

~ Pr[ReR]-Pr [Vi, DEcoDE (T(i,q{", ) = a@’R eR|
F}’%r [ReR]- f[Pr {DECODE (F(i,q§R), -)) = aER)‘R € R}

> 6% -

=

(all the probabilities are over the random coins of both V;,; and the DECODE procedure unless
otherwise specified.) Thus, there exists provers IIi, ... ,II, such that V5 accepts with probability
at least v, which in turn implies that « € L. This completes the proof of the Lemma 2.2.3 U
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CHAPTER 7

Conclusion

We considered the problem of finding small PCPs with low query complexity. Both the parameters
- proof-size and query complexity have been independently optimized. In this thesis, we consid-
ered whether we can have PCPs which have both low query complexity and small proof-size. We
demonstrated that for every language in NP there exists a PCP in which there is at most a slightly-
super-cubic blowup in the proof-size and with a query complexity as low as 16. In this process, we
construct several modules that are amenable to future PCP constructions.

As a starting step, we proved the hardness of the Polynomial Constraint Satisfaction problem.
This is a neat algebraic problem and easily lends itself to MIP constructions. In the next step, we
use the state-of-the-art Low Degree Tests [25] in conjunction with the hardness of the Polynomial
constraint satisfaction to obtain a 3-prover MIP for SAT. For this part, we follow a proof of [1]
(their parallelization step); however a direct implementation would involve 6 logn randomness,
or an n% blow up in the size of the proof. Part of this is a cubic blow up due to the use of the
low-degree test and we are unable to get around this part. Direct use of the parallelization also
results in a quadratic blowup of the resulting proof. We saved on this by creating a variant of the
parallelization step of [1] that uses higher dimensional varieties instead of 1-dimensional ones. We
then finally truncate the recursion by providing a constant bit verifier. This is the first time that

such a constant bit-verifier has been constructed for non-canonical MIPs with more than 2 provers.

7.1 Scope for Further Improvements

It is open as to whether there exist nearly linear sized PCPs with query complexity of 3 for NP

statements. Also, no non-trivial limitations are known for the joint query-proofsize complexity of
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PCPs.
With respect to our PCP construction, the following are a few approaches which would further

reduce the size-query complexity.

1. An improved low-error analysis of the low-degree test of Rubinfeld and Sudan [26] in the
case when the field size is linear in the degree of the polynomial. (It is to be noted that the
current best analysis [3] requires the field size to be at least a fourth power of the degree.)

Such an analysis would reduce the proof blowup to nearly quadratic.

2. Converting the PCP of Hastad [19] into an inner verifier for p-prover MIPs and thus showing
that for every J > 0 and p there exists € > 0 and ¢ such that

MIP; [p,r,a] C PCPP&% [r + cloga,p+ 3.

This would reduce the query complexity of the small PCPs constructed in this paper to 6 bits.
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